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We give suﬃcient conditions ensuring the existence, uniqueness and global attractiveness
of a pseudo compact almost automorphic solution of the following differential equation:
x′(t) = f (t, x(t))
in a Banach space E , where f :R× E → E is a pseudo almost automorphic function with
respect to the ﬁrst argument. We essentially assume that the function f is dissipative. Then
we apply the main results to the following equation:
x′(t) + q(t)∥∥x(t)∥∥αx(t) = f (t) (α 0).
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The aim of this work is to investigate the existence, uniqueness and attractiveness of a pseudo compact almost automor-
phic solution for the following ordinary differential equation:
x′(t) = f (t, x(t)), (1.1)
where E is a Banach space and f : R × E → E is pseudo almost automorphic with respect to the ﬁrst argument. We
essentially assume that f is dissipative in the following sense:[
x− y, f (t, x) − f (t, y)]−  p(t)‖x− y‖1+α (α  0), (1.2)
where [x,h]− denotes the lower semi-inner product deﬁned as the limit of the quotient ‖x‖−‖x−th‖t when t → 0+ and p is
a smaller function than an almost periodic function with negative mean value.
For the almost periodic solutions, when α = 0, the question of existence and uniqueness is treated by Ait Dads et al.
in [2]. In the linear case, the same authors studied the existence and uniqueness of a pseudo almost periodic solution in [1].
In [8], Ezzinbi et al. established suﬃcient conditions for the existence and uniqueness of the almost automorphic solution
when α = 0 and p(t) = constant < 0. Then they applied their results to show the existence and uniqueness of an almost
automorphic solution of the following functional differential equation:
x′(t) = F (t, x(t), xt), (1.3)
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P. Cieutat, K. Ezzinbi / J. Math. Anal. Appl. 354 (2009) 494–506 495where F : R × E × C([−r,0]; E) → E is a continuous function, where C([−r,0]; E) is the space of all continuous functions
from [−r,0] to E equipped with the uniform norm topology; for each t  0, as usual, the history function xt ∈ C([−r,0]; E)
is deﬁned by
xt(θ) := x(t + θ) for θ ∈ [−r,0].
The pseudo almost automorphic case is treated in [9] by the same authors.
To state our results, we assume a more general assumption than (1.2), namely:[
x− y, f (t, x) − f (t, y)]−  p(t)‖x− y‖θ(‖x− y‖), (1.4)
where θ : R → R is continuous, nondecreasing and θ satisfying θ(u) > 0 for u > 0. Then we apply our result to the following
differential equation:
x′(t) + q(t)∥∥x(t)∥∥αx(t) = f (t) (α  0), (1.5)
where q is a pseudo almost periodic function with a positive mean value. Recently, in [3], we treated the pseudo almost
periodic case and here we propose to extend this last paper to the pseudo almost automorphic case.
Eq. (1.5) was introduced by Bayliss in [5] with q(t) = 1 for each t ∈ R. Eq. (1.5) was also considered by Arino and
Hanebaly [4,10,11] who extended Bayliss results from Hilbert spaces to Banach spaces, however assuming α < 1. In [4], the
authors proved with q(t) = 1, 0 α < 1, and f being almost periodic function that Eq. (1.5) has one and only one almost
periodic solution. This property still holds for all α  0 in Hilbert spaces.
Recall that almost automorphic functions are more general than almost periodic functions. They were introduced by
Bochner [6], for more details about this topics we refer the reader to the book [15] where an important overview is given on
almost automorphic functions. A pseudo almost automorphic function is the sum of a pseudo almost automorphic function
and a ergodic perturbation. These functions were introduced recently in [12] and [13], where the authors studied some
fundamental properties of pseudo almost automorphic functions.
This work is organized as follows: in Section 2 we recall some notations and deﬁnitions on pseudo almost automorphic
functions, we also give the list of assumptions which will be made in the whole of this work. In Section 3, we establish
some fundamental prior estimations that will be the working tools to develop the main results of this work. In Section 4,
we state a result of the existence, the uniqueness and the global attractiveness of the compact almost automorphic solution.
In Section 5, we prove our main result on the existence, uniqueness and global attractiveness of a pseudo compact almost
automorphic solution. The last section is devoted to some applications and examples.
2. Notations, deﬁnitions and hypotheses
Concerning notations and deﬁnitions, throughout this paper, we denote by (E,‖ ·‖) a Banach space. The lower semi-inner
product is deﬁned by
[x,h]− := lim
t→0+
‖x‖ − ‖x− th‖
t
and the upper semi-inner product by
[x,h]+ := lim
t→0+
‖x+ th‖ − ‖x‖
t
.
For some preliminary results on semi-inner product, we refer to [14].
Let BC(R, E) be the space of all bounded and continuous functions from R to a Banach space E , equipped with the
uniform topology. Let x ∈ BC(R, E) and τ ∈ R. We deﬁne the function xτ by
xτ = x(τ + s) for s ∈ R.
A bounded continuous function x : R → E is said to be almost periodic if {xτ ;τ ∈ R} is relatively compact in BC(R, E).
Denote by AP(R, E) the set of all such functions. If x is almost periodic, the mean value
M{x(t)}t := limr→+∞ 12r
r∫
−r
x(t)dt
exists, furthermore
lim
r→+∞
1
2r
r+a∫
−r+a
x(t)dt =M{x(t)}t ,
uniformly with respect to a ∈ R. For some preliminary results on almost periodic functions, we refer the reader to [7].
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a subsequence of (t′n)n , denoted by (tn)n such that
y(t) = lim
n→+∞ x(t + tn) (2.1)
is well deﬁned for each t ∈ R and
lim
n→+∞ y(t − tn) = x(t) (2.2)
for each t ∈ R. Denote by AA(R, E) the space of almost automorphic E-valued functions. Because of pointwise convergence,
the function y ∈ L∞(R, E) (the space of essentially bounded measurable E-valued functions), but not necessarily continuous.
The concept of almost automorphy is then larger than almost periodicity. If we denote by AP(R, E), the space of almost
periodic E-valued functions, we have AP(R, E) ⊂ AA(R, E).
If the limits in (2.1) and (2.2) are uniform on any compact subset K ⊂ R, then we say that x is compact almost automor-
phic. Denote by AAc(R, E), the space of compact almost automorphic. For some details on almost automorphic functions, we
refer the reader to [15,16].
A continuous function f : R× E → E is said to be compact almost automorphic in t with respect to the second argument x if
for every sequence of real numbers (t′n)n , there exists a subsequence of (t′n)n , denoted (tn)n such that
f (t + tn, x) → g(t, x) as n → +∞,
and
g(t − tn, x) → f (t, x) as n → +∞,
uniformly on each compact set of R× E .
A bounded continuous function x : R → E is said to be pseudo almost automorphic if x is decomposed as follows:
x = x1 + x2,
where x1 is almost automorphic and x2 is ergodic:
lim
r→+∞
1
2r
+r∫
−r
∥∥x2(t)∥∥dt = 0.
For the sequel, PAA(R, E) denotes the space of pseudo almost automorphic functions. We have
AP(R, E) ⊂ AA(R, E) ⊂ PAA(R, E) ⊂ BC(R, E).
A bounded continuous function x : R → E is said to be pseudo compact almost automorphic if x is decomposed as follows:
x = x1 + x2,
where x1 is compact almost automorphic and x2 is ergodic. PAAc(R, E) denotes the space of pseudo compact almost auto-
morphic functions.
A continuous function f : R × E → E is said to be pseudo compact almost automorphic in t with respect to the second
argument x if and only if
f (t, x) = f1(t, x) + f2(t, x) for t ∈ R and x ∈ E,
where f1 : R× E → E is compact almost automorphic in t with respect to the second argument x and the partial function
f2(·, x) is ergodic for each x ∈ E , this means that the function t 	→ f2(t, x) ∈ BC(R, E), for each x ∈ E and for x ∈ E , we have
lim
r→+∞
1
2r
+r∫
−r
∥∥ f2(t, x)∥∥dt = 0.
An example of pseudo compact almost automorphic in t with respect to x is f (t, x) = A(t)x + b(t), where A ∈
PAAc(R,L(E, E)) and b ∈ PAAc(R, E). An other example is the following: f (t, x) = F (x)+b(t), with F ∈ C(E, E) (the space of
all continuous functions from E to E) and b ∈ AAc(R, E).
Now, we give a list of hypotheses which will be used in this work.
(M1) There exists p ∈ C(R,R), T0 and T1 ∈ R such that T0 < T1 and δ ∈ AP(R,R) such that M{δ(t)}t < 0 and p(t) δ(t)
for every t /∈ [T0, T1].
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(M3) The function u → p(t)θ(u) is nonincreasing on R+ , for each t ∈ R.
(M4) For all t ∈ R, x and y ∈ E , one has
[
x− y, f (t, x) − f (t, y)]−  p(t)‖x− y‖θ(‖x− y‖).
(B1) f is lipschitzian on each bounded subset of E with respect to the second variable x: for all R > 0, there exists L > 0
such that, for all t ∈ R, for all x and y ∈ E , one has
‖x‖ R and ‖y‖ R 
⇒ ∥∥ f (t, x) − f (t, y)∥∥ L‖x− y‖.
(B2) f : R× E → E is continuous and supt∈R ‖ f (t,0)‖ < +∞.
(A) f is compact almost automorphic in t with respect to the second argument x.
(P) f is pseudo compact almost automorphic in t with respect to the second argument x.
Remark on hypothesis (M4). Since [x,h]−  [x,h]+ , hypothesis (M4) with the upper semi-inner product instead the lower
semi-inner product implies (M4) with the lower semi-inner product.
Remark on hypotheses (M1)–(M3). We assume that conditions (M1) and (M2) are fulﬁlled. Firstly there exists t0 ∈ R such
that p(t0) < 0, therefore function u → p(t0)θ(u) is nonincreasing. Secondly (M3) is equivalent to the following alternative:
either p(t) 0 for each t ∈ R, or θ(u) = θ0 > 0 for each u > 0.
Now, we formulate particular cases of hypothesis (M4):
(M4-bis) For all t ∈ R, x and y ∈ E
[
x− y, f (t, x) − f (t, y)]−  p(t)‖x− y‖.
(M4-ter) For all t ∈ R, x and y ∈ E
[
x− y, f (t, x) − f (t, y)]−  p(t)‖x− y‖1+α (α > 0).
Remark that (M1) and (M4-bis) imply (M1)–(M4). Also (M1), (M4-ter) and p(t) 0 for each t ∈ R imply (M1)–(M4).
3. Some fundamental prior estimations
In this section, we give two consequences about hypotheses of dissipativeness of Eq. (1.1), then we state some results on
pseudo almost automorphic functions.
Lemma 3.1. (See [3].) Under condition (M1), there exist k > 0 and c > 0 such that
exp
( t∫
s
p(σ )dσ
)
 k exp
(−c(t − s))
for all s and t ∈ R such that s t.
Proposition 3.2. (See [3].) We assume that conditions (M1)–(M4) are fulﬁlled. Let k and c be positive constants given in Lemma 3.1.
Let I be an interval of R, e1 and e2 ∈ C(R, E). If x and y are solutions on I of
x′(t) = f (t, x(t))+ e1(t),
y′(t) = f (t, y(t))+ e2(t),
respectively. Then we have the following inequalities for all t and s ∈ I such that s t,
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∥∥x(t) − y(t)∥∥ exp
( t∫
s
p(τ )θ
(∥∥x(τ ) − y(τ )∥∥)dτ
)∥∥x(s) − y(s)∥∥
+
t∫
s
exp
( t∫
σ
p(τ )θ
(∥∥x(τ ) − y(τ )∥∥)dτ
)∥∥e1(σ ) − e2(σ )∥∥dσ .
(ii) If m ∈ R such that 0<m infsτt ‖x(τ ) − y(τ )‖, then
∥∥x(t) − y(t)∥∥ kθ(m) exp(−cθ(m)(t − s))∥∥x(s) − y(s)∥∥+ kθ(m)
t∫
s
exp
(−cθ(m)(t − σ))∥∥e1(σ ) − e2(σ )∥∥dσ .
(iii) In particular if e1 = e2 , then∥∥x(t) − y(t)∥∥ kθ(‖x(t)−y(t)‖) exp(−cθ(∥∥x(t) − y(t)∥∥)(t − s))∥∥x(s) − y(s)∥∥.
Lemma 3.3. (See [12].) Let x ∈ PAA(R, E) be such that
x = x1 + x2,
where x1 ∈ AA(R, E) and x2 is ergodic. Then for each τ ∈ R, we have{
x1(t); t ∈ R
}⊂ {x(t); t  τ}.
Lemma 3.4. Assume that hypotheses (M1)–(M4) hold. If for each x ∈ E, the partial function f (·, x) ∈ PAA(R, E) such that f = f1 + f2 ,
where f1(·, x) ∈ AA(R, E) and f2(·, x) is ergodic, then we have[
x− y, f1(t, x) − f1(t, y)
]
−  δ(t)‖x− y‖θ
(‖x− y‖), (3.1)
for all t ∈ R, x and y ∈ E.
Proof. The case x = y is trivial. If x = y, we set
α(t) := −[x− y, f (t, x) − f (t, y)]−‖x− y‖θ(‖x− y‖)
and
β(t) := −[x− y, f1(t, x) − f1(t, y)]−‖x− y‖θ(‖x− y‖) .
By using the following properties on the semi-inner product:∣∣[z,h]−∣∣ ‖h‖ and ∣∣[z,h1]− − [z,h2]−∣∣ ‖h1 − h2‖ (3.2)
[14, Lemma 5.6, p. 43], we obtain that α is bounded and continuous, because the function t 	→ f (t, x) − f (t, y) is bounded
and continuous. Since the function t 	→ f1(t, x) − f1(t, y) ∈ AA(R, E) and the map z 	→ [x − y, z]− is continuous, then we
have β ∈ AA(R,R) [15, Theorem 2.5, p. 13]. By hypotheses (M1)–(M4), we have
α(t) + δ(t) 0 for t /∈ [T0, T1] (3.3)
and our result is established if we prove that
β(t) + δ(t) 0 for t ∈ R. (3.4)
By using Lemma 3.3, to prove (3.4), it suﬃces to state that β + δ is the almost automorphic part of the pseudo almost
automorphic function α + δ, which is equivalent to
lim
r→+∞
1
2r
r∫
−r
∣∣α(t) − β(t)∣∣dt = 0. (3.5)
Since α ∈ BC(R,R), β ∈ AA(R,R) and δ ∈ AP(R,R), it follows that α + δ ∈ BC(R,R) and β + δ ∈ AA(R,R). With those
notations, we arrive at
α(t) − β(t) = [x− y, f1(t, x) − f1(t, y) + f2(t, x) − f2(t, y)]− − [x− y, f1(t, x) − f1(t, y)]− . (3.6)‖x− y‖θ(‖x− y‖) ‖x− y‖θ(‖x− y‖)
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∣∣α(t) − β(t)∣∣ ‖ f2(t, x) − f2(t, y)‖‖x− y‖θ(‖x− y‖) ,
therefore∣∣α(t) − β(t)∣∣ ‖ f2(t, x)‖ + ‖ f2(t, y)‖‖x− y‖θ(‖x− y‖) . (3.7)
Since f2(·, x) is the ergodic part of f (·, x) for each x ∈ E , then we deduce from (3.7) that (3.5) holds, therefore α + δ ∈
PAA(R,R) and β + δ is its almost automorphic part. By using Lemma 3.3 with τ = T1 on the pseudo almost automorphic
function α + δ, we obtain that (3.3) implies (3.4), therefore (3.1) holds. 
In the particular case where p = δ, hypothesis (M1) becomes:
(M1-bis) There exists p ∈ AP(R,R) such thatM{p(t)}t < 0.
Proposition 3.5. Assume that hypotheses (M1)–(M4) hold. If f veriﬁes (P), then the almost automorphic part f1 of f satisﬁes (M1-bis)
and (M2)–(M4), therefore f1 satisﬁes (M1)–(M4).
Proof. Hypothesis (M3) is equivalent to the following alternative: either p(t) 0 for each t ∈ R, or θ(u) = θ0 > 0 for each
u > 0.
Firstly if p(t)  0 for each t ∈ R, we let p∗(t) = min(δ(t),0). Then p∗ is an almost periodic function such that
p∗(t) 0 for each t ∈ R, therefore the function u → p∗(t)θ(u) is nonincreasing on R+ for each t ∈ R. Moreover, one has
M{p∗(t)}t < 0, because p∗  δ andM{δ(t)}t < 0. By (M4) and p(t) 0, one has for each t ∈ R, x and y ∈ E ,[
x− y, f (t, x) − f (t, y)]−  0.
Denote by
φ(t) := [x− y, f (t, x) − f (t, y)]−.
Then φ is pseudo almost automorphic (see proof of Lemma 3.4) and satisﬁes φ(t)  0 for each t ∈ R, therefore by
Lemma 3.3, the almost automorphic part φ1 of φ satisﬁes
φ1(t) =
[
x− y, f1(t, x) − f1(t, y)
]
−  0.
By Lemma 3.4, we obtain[
x− y, f1(t, x) − f1(t, y)
]
−  p∗(t)‖x− y‖θ
(‖x− y‖),
for all t ∈ R, x and y ∈ E . Consequently f1 satisﬁes (M1-bis) and (M2)–(M4) with p∗(t) = min(δ(t),0), therefore f1 veriﬁes
(M1)–(M4).
Secondly θ(u) = θ0 > 0 for each u > 0, p∗(t) = δ(t) is suitable because the function u → δ(t)θ0 is constant on R+ for
each t ∈ R. Consequently f1 satisﬁes (M1-bis) and (M2)–(M4) with p∗(t) = δ(t), therefore f1 veriﬁes (M1)–(M4). 
Corollary 3.6. In the almost automorphic case, namely (A) holds, then hypotheses (M1)–(M4) are equivalent to (M1-bis)
and (M2)–(M4).
Proof. The ﬁrst implication results of Proposition 3.5 with f = f1 and f2 = 0. The reciprocal implication is obvious, be-
cause (M1-bis) is a particular case of (M1). 
Lemma3.7. Let f : R×E → E be a continuousmap satisfying hypothesis (P). If f veriﬁes hypothesis (B1), then the almost automorphic
part f1 and the ergodic part f2 of f verify (B1).
Proof. By (B1), for each t ∈ R, x and y ∈ E such that ‖x‖ R and ‖y‖ R , one has∥∥ f (t, x) − f (t, y)∥∥ L‖x− y‖.
Denote by
φ(t) := ∥∥ f (t, x) − f (t, y)∥∥.
Then φ is pseudo almost automorphic and its almost automorphic part φ1 is given by
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∥∥ f1(t, x) − f1(t, y)∥∥,
since φ1 ∈ AA(R,R) [15, Theorem 2.5, p. 13] and
∥∥φ(t) − φ1(t)∥∥ ∥∥ f2(t, x)∥∥+ ∥∥ f2(t, y)∥∥,
where the partial functions t 	→ f2(t, x) and t 	→ f2(t, y) are respectively the ergodic parts of t 	→ f (t, x) and t 	→ f (t, y).
Since φ satisﬁes
φ(t) L‖x− y‖,
for each t ∈ R, therefore by Lemma 3.3, the almost automorphic part φ1 of φ satisﬁes the same inequality
φ1(t) L‖x− y‖.
It follows that f1 satisﬁes (B1). Since f and f1 satisfy (B1), then f2 also satisﬁes (B1) (with constant 2L). 
Lemma 3.8. Let f : R × E → E be a continuous map satisfying hypotheses (P) and (B1). Let f2 denote the ergodic part of f . If
φ ∈ AA(R, E), then
lim
r→+∞
1
2r
+r∫
−r
∥∥ f2(t, φ(t))∥∥dt = 0. (3.8)
Proof. Since φ is almost automorphic, then φ(R) is relatively compact in E [15, Theorem 2.3, p. 11]. Let R > 0 such that
φ(R) ⊂ B(0, R). By Lemma 3.7, f2 satisﬁes (B1), then there exists L > 0 such that
x and y ∈ φ(R) 
⇒ ∥∥ f2(t, x) − f2(t, y)∥∥ L‖x− y‖. (3.9)
Let ε > 0. Since φ(R) is relatively compact in E , then there exists a ﬁnite number of x1, . . . , xm ∈ φ(R) such that
φ(R) ⊂
m⋃
i=1
B
(
xi,
ε
L
)
and by (3.9), we deduce that
φ(R) ⊂
m⋃
i=1
{
x ∈ E: for t ∈ R, ∥∥ f2(t, x) − f2(t, xi)∥∥ ε}.
Let t ∈ R. Then there exists i0 ∈ {1, . . . ,m} such that
∥∥ f2(t, φ(t))− f2(t, xi0)∥∥ ε,
therefore
∥∥ f2(t, φ(t))∥∥ ε + ∥∥ f2(t, xi0 )∥∥ ε +
m∑
i=1
∥∥ f2(t, xi)∥∥. (3.10)
By the deﬁnition of the ergodic part f2 of f , one has for i = 1, . . . ,m,
lim
r→+∞
1
2r
r∫
−r
∥∥ f2(t, xi)∥∥dt = 0,
then by (3.10), we obtain for ε > 0,
limsup
r→+∞
1
2r
r∫
−r
∥∥ f2(t, φ(t))∥∥dt  ε,
therefore (3.8) is satisﬁed. 
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In this section, we state a result on the existence, the uniqueness and the attractiveness of an almost automorphic
solution to the nonlinear differential equation (1.1).
Let k and c be the positive constants given in Lemma 3.1. Let
R0 := inf
ε>0
(
εkθ(ε) + k
θ(ε)
cθ(ε)
sup
t∈R
∥∥ f (t,0)∥∥)< +∞. (4.1)
Theorem 4.1. (See [3].) Suppose that conditions (M1)–(M4), (B1) and (B2) are satisﬁed. Then Eq. (1.1) has a unique bounded solu-
tion x f on R:
sup
t∈R
∥∥x f (t)∥∥ R0. (4.2)
Moreover the bounded solution x f is globally attractive: for each solution x of Eq. (1.1) deﬁned on (0,+∞), then we have
lim
t→+∞
∥∥x f (t) − x(t)∥∥= 0. (4.3)
Theorem 4.2. Suppose that conditions (M1)–(M4), (B1) and (A) are satisﬁed. Then Eq. (1.1) has a unique compact almost automorphic
solution x f . Moreover x f is attractive.
Proof. Hypothesis (A) implies that f ∈ C(R× E, E) and f (·,0) ∈ AA(R, E), then supt∈R ‖ f (t,0)‖ < +∞, therefore (B2) holds.
The existence and uniqueness of the bounded solution x f of Eq. (1.1) and the attractiveness of x f result of Theorem 4.1.
Consequently, we obtain the uniqueness of the compact almost automorphic solution. To check that x f is compact almost
automorphic, we have to prove that if (tn)n is any sequence of real numbers, then one can pick up a subsequence of (tn)n
such that
x f (t + tn) → x∗(t) as n → +∞, (4.4)
x∗(t − tn) → x f (t) as n → +∞, (4.5)
uniformly on each compact subset of R. In fact by assumption (A), we can choose a subsequence of (tn)n such that
f (t + tn, x) → g(t, x) as n → +∞, (4.6)
g(t − tn, x) → f (t, x) as n → +∞, (4.7)
uniformly on each compact subset of R × E . By using Corollary 3.6, we can say that f satisﬁes (M1-bis) and (M2)–(M4),
therefore there exists p ∈ AP(R,R) such that
M{p(t)}t < 0, (4.8)
u 	→ p(t + tn)θ(u) is nonincreasing, (4.9)[
x− y, f (t + tn, x) − f (t + tn, y)
]
−  p(t + tn)‖x− y‖θ
(‖x− y‖). (4.10)
Since p is almost periodic, then there exists a subsequence of (tn)n such that
p(t + tn) → p∗(t) as n → +∞, (4.11)
uniformly on R. Moreover, we have p∗ ∈ AP(R,R) and M{p∗(t)}t < 0, because M{p∗(t)}t =M{p(t)}t . Then p∗ satis-
ﬁes (M1-bis). From convergence results (4.6) and (4.11), we deduce that (4.9) and (4.10) imply that g veriﬁes (M2)–(M4)
for p∗ . Consequently g satisﬁes (M1)–(M4). We also have
‖x‖ R and ‖y‖ R 
⇒ ∥∥ f (t + tn, x) − f (t + tn, y)∥∥ L‖x− y‖,
because f satisﬁes (B1), therefore, from (4.6), we deduce that (B1) holds for g . Since f ∈ C(R × E, E) and the conver-
gence (4.6) is compact, then g ∈ C(R× E, E). Moreover, for all t ∈ R, we have∥∥g(t,0)∥∥= lim
n→+∞
∥∥ f (t + tn,0)∥∥ sup
s∈R
∥∥ f (s,0)∥∥< +∞,
therefore g satisﬁes (B2). Consequently, g veriﬁes (M1)–(M4), (B1) and (B2). By Theorem 4.1, we deduce that the following
limit equation:
x′(t) = g(t, x(t)) (4.12)
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x f (t + tn) → xg(t) as n → +∞, (4.13)
uniformly on each compact subset of R. Let xn(t) := x f (t + tn) for each t ∈ R and n ∈ N. Since x f is a solution of Eq. (1.1)
and xg is a solution of Eq. (4.12), therefore xn and xg are respectively solutions of
x′n(t) = f
(
t + tn, xn(t)
)
, (4.14)
x′g(t) = f
(
t + tn, xg(t)
)+ (g(t, xg(t))− f (t + tn, xg(t))). (4.15)
Let us deﬁne for each t ∈ R and n ∈ N
vn(t) :=
∥∥x f (t + tn) − xg(t)∥∥
and
dn(t) :=
∥∥ f (t + tn, xg(t))− g(t, xg(t))∥∥.
We have to prove (4.13). Assume the contrary, there exist a and b ∈ R such that a < b, there exist ε > 0 and a subsequence
(vφ(n))n such that
sup
atb
vφ(n)(t) 2ε.
Then there exists a sequence of real numbers (τn)n such that for all n ∈ N,
a τn  b and vφ(n)(τn) ε. (4.16)
Let s0 ∈ R be such that s0 < a. By the following inequality
0 sup
s0tb
dφ(n)(t) sup
s0tb
sup
x∈K
∥∥ f (t + tφ(n), x)− g(t, x)∥∥,
where K :=⋃s0tb{xg(t)} (relatively compact subset of E) and by (4.6), we deduce that
sup
s0tb
dφ(n)(t) → 0 as n → +∞, (4.17)
therefore there exists n0 ∈ N such that
n n0 
⇒
b∫
s0
dφ(n)(t)dt 
ε
2
. (4.18)
Hypothesis (M3) is equivalent to the following alternative: either p(t) 0 for each t ∈ R, or θ(u) = θ0 > 0 for each u > 0.
Firstly if p(t) 0 for each t ∈ R, by (i) of Proposition 3.2, we deduce that
vφ(n)(τn) vφ(n)(t) +
τn∫
t
dφ(n)(σ )dσ for t ∈ (s0, τn). (4.19)
By the following inequality
sup
s0tτn
τn∫
t
dφ(n)(σ )dσ 
b∫
s0
dφ(n)(σ )dσ , (4.20)
(4.16), (4.18)–(4.20), one has vφ(n)(t) ε2 for each t ∈ (s0, τn) and n n0. By using (ii) of Proposition 3.2 and remarking that
vφ(n)(s0) 2R0 (cf. (4.1)), we deduce that
vφ(n)(τn) 2R0kθ(
ε
2 ) exp
(
−cθ
(
ε
2
)
(τn − s0)
)
+ kθ( ε2 )
τn∫
s0
dφ(n)(σ )dσ . (4.21)
Secondly θ(u) = θ0 > 0 for each u > 0, by Lemma 3.1 and (i) of Proposition 3.2, one has (4.21). Since s0 < a  τn  b,
then the two following inequality hold
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(
−cθ
(
ε
2
)
(τn − s0)
)
 exp
(
−cθ
(
ε
2
)
(a − s0)
)
,
τn∫
s0
dφ(n)(σ )dσ 
b∫
s0
dφ(n)(σ )dσ .
Therefore, we obtain from (4.21)
vφ(n)(τn) 2R0kθ(
ε
2 ) exp
(
−cθ
(
ε
2
)
(a − s0)
)
+ kθ( ε2 )
b∫
s0
dφ(n)(σ )dσ . (4.22)
It follows from (4.16), (4.17) and (4.22)
ε  limsup
n→+∞
vφ(n)(τn) 2R0kθ(
ε
2 ) exp
(
−cθ
(
ε
2
)
(a − s0)
)
.
By letting s0 tend to −∞, we obtain 0 < ε  0, which is a contradiction, therefore (4.13) is satisﬁed. Arguing as above, we
also prove the following convergence result
xg(t − tn) → x f (t) as n → +∞, (4.23)
uniformly on each compact subset of R. Consequently, for any sequence of real numbers (t′n)n , there exists a subsequence
denoted by (tn)n such that (4.13) and (4.23) hold. We conclude that the only one bounded solution of Eq. (1.1) is compact
almost automorphic. 
5. Pseudo compact almost automorphic solutions of Eq. (1.1)
In this section, we state a result on the existence, the uniqueness and the attractiveness of a pseudo almost automorphic
solution to the nonlinear differential equation (1.1).
Theorem 5.1. Suppose that conditions (M1)–(M4), (B1), (B2) and (P) are satisﬁed. Then Eq. (1.1) has a unique bounded solution x f
which is pseudo compact almost automorphic. Moreover x f is globally attractive.
Proof. The existence and uniqueness of the bounded solution x f of Eq. (1.1) on R and the attractiveness of x f result of The-
orem 4.1. Let us denote respectively by f1 and f2 the almost automorphic part and the ergodic part of f . By Proposition 3.5
and Lemma 3.7, f1 satisﬁes (M1)–(M4) and (B1). Consequently, all hypotheses of Theorem 4.2 are fulﬁlled, then, we deduce
the existence and uniqueness of the compact almost automorphic solution x f1 of equation
x′(t) = f1
(
t, x(t)
)
. (5.1)
If we denote by
h := x f − x f1 , (5.2)
then h ∈ BC(R, E) and our results is established if we prove that
lim
r→+∞
1
2r
r∫
−r
∥∥h(t)∥∥dt = 0. (5.3)
Since x f is a solution of Eq. (1.1) and x f1 is a solution of Eq. (5.1), therefore x f and x f1 are respectively solutions of
x′f (t) = f
(
t, x f (t)
)
, (5.4)
x′f1 (t) = f
(
t, x f1 (t)
)− f2(t, x f1 (t)). (5.5)
Moreover by Lemma 3.8, we have
lim
r→+∞
1
2r
r∫
−r
∥∥ f2(t, x f1(t))∥∥dt = 0. (5.6)
Let ε > 0 and r > 0. We denote by O εr the open subset of R deﬁned by
O εr :=
{
t ∈ (−r, r): ∥∥h(t)∥∥> ε}.
504 P. Cieutat, K. Ezzinbi / J. Math. Anal. Appl. 354 (2009) 494–506The components of O εr are open intervals ωi (i ∈ I) included in (−r, r). Let mi := inft∈ωi t . By (ii) of Proposition 3.2, (5.2),
(5.4) and (5.5), we obtain for all t ∈ ωi
∥∥h(t)∥∥ kθ(ε) exp(−cθ(ε)(t −mi))∥∥h(mi)∥∥+ kθ(ε)
t∫
mi
exp
(−cθ(ε)(t − σ))∥∥ f2(σ , x f1 (σ ))∥∥dσ ,
therefore
∫
ωi
∥∥h(t)∥∥dt  kθ(ε)
cθ(ε)
∥∥h(mi)∥∥(1− exp(−cθ(ε)meas(ωi)))+ kθ(ε)
∫
ωi
( t∫
mi
exp
(−cθ(ε)(t − σ))∥∥ f2(σ , x f1 (σ ))∥∥dσ
)
dt
and by using the Fubini theorem, we obtain that∫
ωi
∥∥h(t)∥∥dt  kθ(ε)
cθ(ε)
∥∥h(mi)∥∥(1− exp(−cθ(ε)meas(ωi)))+ kθ(ε)
cθ(ε)
∫
ωi
∥∥ f2(σ , x f1 (σ ))∥∥dσ . (5.7)
Firstly if m0 = −r, by (5.7), one has∫
ω0
∥∥h(t)∥∥dt  kθ(ε)
cθ(ε)
‖h‖∞ + k
θ(ε)
cθ(ε)
∫
ω0
∥∥ f2(σ , x f1 (σ ))∥∥dσ . (5.8)
Secondly if mi > −r (i = 0), then ‖h(mi)‖ = ε. By using (5.7) and the inequality
1− exp(−cθ(ε)meas(ωi)) cθ(ε)meas(ωi),
we deduce for i = 0∫
ωi
∥∥h(t)∥∥dt  εkθ(ε) meas(ωi) + kθ(ε)
cθ(ε)
∫
ωi
∥∥ f2(σ , x f1 (σ ))∥∥dσ . (5.9)
With the following inequalities
∑
i∈I
∫
ωi
∥∥ f2(σ , x f1 (σ ))∥∥dσ =
∫
O εr
∥∥ f2(σ , x f1 (σ ))∥∥dσ 
r∫
−r
∥∥ f2(σ , x f1(σ ))∥∥dσ
and ∑
i∈I
meas(ωi) = meas
(
O εr
)
 2r,
by summing (5.8) and (5.9), we obtain
1
2r
∫
O εr
∥∥h(t)∥∥dt  kθ(ε)
2rcθ(ε)
‖h‖∞ + εkθ(ε) + k
θ(ε)
2rcθ(ε)
r∫
−r
∥∥ f2(σ , x f1 (σ ))∥∥dσ . (5.10)
By using the following inequality
1
2r
r∫
−r
∥∥h(t)∥∥1[‖h‖ε](t)dt  ε
and (5.10), we have
1
2r
r∫
−r
∥∥h(t)∥∥dt  ε + kθ(ε)
2rcθ(ε)
‖h‖∞ + εkθ(ε) + k
θ(ε)
2rcθ(ε)
r∫
−r
∥∥ f2(σ , x f1 (σ ))∥∥dσ . (5.11)
Consequently, thanks to (5.6) and (5.11), we obtain for ε > 0,
limsup
r→+∞
1
2r
r∫ ∥∥h(t)∥∥dt  ε + εkθ(ε),
−r
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limsup
r→+∞
1
2r
r∫
−r
∥∥h(t)∥∥dt  inf
ε>0
(
ε + εkθ(ε))= 0,
and conclusion (5.3) holds, we deduce that x f ∈ PAAc(R, E), since
x f (t) = x f1 (t) +
(
x f (t) − x f1 (t)
)
,
where x f1 ∈ AAc(R, E) and h = x f − x f1 is ergodic. This ends the proof of Theorem 5.1. 
6. Applications and examples
In this section, we apply our main result on the existence and uniqueness of pseudo compact almost automorphic
solutions.
Corollary 6.1. Suppose that conditions (M1), (M4-bis), (B1), (B2) and (P) are satisﬁed. Then Eq. (1.1) has a unique bounded solution x
which is pseudo compact almost automorphic.
Proof. It is a consequence of Theorem 5.1 with θ(u) = 1 for each u > 0. 
Remark. In Corollary 6.1, we do not use a condition of sign on p(t), except on the average of p.
Corollary 6.2. Suppose that conditions (M1), (M4-ter), (B1), (B2) and (P) are satisﬁed. If p(t) 0 for each t ∈ R, then Eq. (1.1) has a
unique bounded solution x which is pseudo compact almost automorphic.
Proof. It is a consequence of Theorem 5.1 with θ(u) = uα for each u > 0. 
From continuous functions q : R → R and g : R+ → R+ , we formulate the following differential equation:
x′(t) + q(t)g(∥∥x(t)∥∥)x(t) = e(t). (6.1)
We consider the following hypotheses:
(H1) q : R → R is pseudo compact almost automorphic and there exists δ an almost periodic function from R to R such
thatM{δ(t)}t > 0 and 0 δ(t) q(t) for each t ∈ R.
(H2) g : R+ → R+ is continuous, nondecreasing on R+ , continuously differentiable and g(u) > 0 on (0,+∞) and there
exists α ∈ [0,1) such that ug′(u) αg(u) for each u > 0.
Corollary 6.3. Suppose that condition (H1) and (H2) are fulﬁlled. If e is pseudo compact almost automorphic, then Eq. (6.1) has a
unique bounded solution x which is pseudo compact almost automorphic.
Proof. We apply Theorem 5.1 with the function:
f (t, x) := −q(t)g(‖x‖)x+ e(t).
By [4, Lemma 1], there exists C > 0, such that for all x and y ∈ E ,
[
x− y, g(‖x‖)x− g(‖y‖)y]+  C‖x− y‖g
(‖x− y‖
4
)
,
consequently
[
x− y, f (t, x) − f (t, y)]− −Cq(t)‖x− y‖g
(‖x− y‖
4
)
,
therefore (M1)–(M4) are satisﬁed with p(t) := −Cq(t) and θ(u) = g( u4 ). Since the function g is continuously differen-
tiable on R+ , then g is lipschitzian on each bounded subset of R+ , therefore the map x → g(‖x‖)x is lipschitzian on each
bounded subset of E . Consequently the function deﬁned f deﬁned by f (t, x) := −q(t)g(‖x‖)x + e(t) satisﬁes (B1) because
q ∈ BC(R, E). Evidently (B2) and (P) are fulﬁlled, consequently all hypotheses of Theorem 5.1 hold, we conclude by using
Theorem 5.1. 
Now, we apply Corollary 6.3 to Eq. (1.5).
506 P. Cieutat, K. Ezzinbi / J. Math. Anal. Appl. 354 (2009) 494–506Corollary 6.4. Suppose that condition (H1) is fulﬁlled. If 0 α < 1 and if e is pseudo compact almost automorphic, then Eq. (1.5) has
a unique bounded solution u which is pseudo compact almost automorphic.
Remark.
(1) In a Hilbert space, Corollary 6.4 holds for each α  0 (cf. [4]).
(2) Corollaries 6.3 and 6.4 extend results of Arino and Hanebaly on the existence of almost periodic solutions [4], to the
pseudo compact almost automorphic case.
Proof. It is just a consequence of Corollary 6.3 with g(u) = uα for u > 0. 
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